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We’ve seen that (see the summary post for details and links to earlier

posts) for a hamiltonian given by the sum of a free time-independent term
H0 (p,q) and an interaction term HI (t) that could be time-dependent, we
can use the interaction picture to define an interaction evolution operator
UI (t, t

′) so that the evolution of a state |ψ (t)〉I is given by

|ψ (t)〉I = UI

(
t, t′
)∣∣ψ (t′)〉

I
(1)

This evolution operator is given formally by Dyson’s formula:

UI

(
t, t′
)
= T exp

(
−i
∫ t

t′
dt′′HI

(
t′′
))

(2)

where T indicates time-ordering.
In a scattering problem, we are usually interested in the evolution of a

state from a time t′ in the distant past (before the interaction takes place)
to a time in the distant future (after the interaction, and at a time t when
the products of the scattering have become widely separated). This is the
definition of the S-matrix:

S = UI (∞,−∞) (3)

Coleman gives a couple of examples where we can actually find S ex-
actly. The important point here is that, if we can find an exact expression
for S, we can calculate matrix elements between any pair of initial and final
states. In Coleman’s model 1, where there is a single meson field φ and a
time-dependent source ρ(x) (remember x is a four-vector in spacetime), the
exact form of S can be found, which allows us to calculate the probabilities
of finding any number of mesons in the final state.

He then he moves on to a more realistic case where the interaction term
is given by

HI = gψ†ψφ (4)

Here, φ is an uncharged scalar field given by
1
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FIGURE 1. Wick diagram for ψ∗1ψ1φ1ψ
∗
2ψ2φ2.

φ(x) =
∫

d3ppp√
(2π)3√2ωppp

[
apppe
−ip·x+a†

pppe
ip·x
]

(5)

and ψ is a charged scalar field given by

ψ (x) =
∫

d3ppp√
(2π)3√2ωppp

(
bpppe
−ip·x+ c†

pppe
ip·x
)

ψ† (x) =
∫

d3ppp√
(2π)3√2ωppp

(
b†
pppe

ip·x+ cpppe
−ip·x

) (6)

Here, the operators bppp and b†
ppp annihilate and create a nucleon N , while cppp

and c†
ppp annihilate and create an antinucleon N .

The solution of 2 is done by expanding the exponential and using Wick’s
theorem to convert time-ordered products into contractions and normal-
ordered products. The second order term in 2 is given by Coleman’s eqn
8.35:

(−ig)2

2!

∫
d4x1d

4x2T (ψ∗1ψ1φ1ψ
∗
2ψ2φ2) (7)

The second order term 7 contains 6 fields, so the Wick expansion will con-
tain terms with no contractions and 6 active fields, one contraction and 4
active fields, 2 contractions and 2 active fields, and 3 contractions with no
active fields. Each of these terms can be represented by a Wick diagram.
For example, the diagram in Fig. 1 represents the term

:ψ∗1ψ1φ1ψ
∗
2ψ2φ2: (8)
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The diagram contains one vertex for each x in the integrand of 7, so vertex
1 represents x1 and vertex 2 represents x2. An edge with one end free and
an arrow pointing towards a vertex (as with the two lines on the RHS of
Fig. 1) represents an active ψ field, an arrow pointing away from a vertex
represents an active ψ∗ field. The line without an arrow on it connecting
points 1 and 2 represents the contracted φ fields.

This one diagram can represent several types of interaction. Looking at
the definitions 6 of the fields, we see that ψ can annihilate a nucleon or
create an antinucleon, and vice versa for ψ∗. There’s no way of telling
from either 7 or Fig. 1 which interaction we’re looking at. We might be
looking at N N →N N , where two incoming nucleons are annihilated and
two new nucleons are created. This would be the case if we followed the
diagram from right to left. We could also look at the diagram from left to
right, which would give us the reaction N N →N N . We could even look
at the top line from right to left and the bottom from left to right, giving
us N N → N N . In short, there’s no direction of time implied in a Wick
diagram.

To calculate the matrix element for a particular interaction, we need to
enclose the S operator in a matrix element, such as (where the pis refer to
the momenta of nucleons, say)〈

p′1p
′
2 |S|p1p2

〉
(9)

The exact calculation of this matrix element would require that we know S
exactly, that is, that we’ve worked it out to all orders in perturbation theory.
In the interaction considered here, this isn’t possible, so we need to work
on individual terms in the expansion.

It is here that we make the transition from a Wick diagram to a Feynman
diagram. Suppose we want to investigate nucleon-nucleon scattering, that
is, we’re interested in the process

N N →N N (10)

We draw the second-order Feynman diagrams for this process using the
interaction 4. We have the diagrams in Fig. 2.

Although these diagrams look superficially like the Wick diagram in Fig.
1, there are a few important differences.

First, a Feynman diagram has a definite direction of time implied. Con-
ventions differ, but Coleman’s convention is that the initial state is on the
right and the final state is on the left, so that time flows right to left. This is
consistent with the bra-ket notation 〈f |S| i〉 where the initial state is on the
right and the final state is on the left. In Fig. 2(a), we have two incoming nu-
cleons (they have to be nucleons and not antinucleons, since we are using a
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FIGURE 2. Second order Feynman diagrams for N N →N N .

ψ field to annihilate them; see 6). This diagram must refer to N N →N N ,
and not to the other interactions in Fig. 1, since we’re considering only
interactions where p1 and p2 are the incoming particles.

Second, the lines are labelled with the momenta of the particles. Thus in
Fig. 2(a), one of the incoming nucleons has momentum p1 and the other has
p2, with the outgoing nucleons being p′1 and p′2. Thus a Feynman diagram
represents an interaction between particles with definite momenta.

Third, the vertices 1 and 2 represent the spacetime points x1 and x2 at
which the interactions take place. Thus in Fig. 2(a), nucleon p1 is absorbed
(annihilated) at point x1 and a virtual meson φ is created. The meson prop-
agates to x2 where it is absorbed, and x2 is also the point at which p2 is
annihilated. The point x1 is also where p′1 is created, and x2 is where p′2 is
created. These points x1 and x2 could be anywhere in spacetime, so to get
the full matrix element (at second order) for (p1,p2)→ (p′1,p

′
2) we need to

integrate over both these coordinates, as in 7. (OK, we also had to do this
in Wick diagrams as well.)

The situation in Fig. 2(a) is equivalent to the other three permutations of
nucleons and positions, so we also have the diagrams Fig. 2(b)-(d). Fig.
2(b) is Fig. 2(a) with p1 and p2 swapped, and Fig. 2(c) is Fig. 2(a) with x1
and x2 swapped. Finally Fig. 2(d) is Fig. 2(a) with both p1 and p2 swapped,
and x1 and x2 swapped.

The use of these diagrams facilitates the calculation of the corresponding
matrix elements, but we’ll leave that until the next post.
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